Hamiltonian Mechanics

Ivar Ekeland^1 and Roger Temam^2

1 Princeton University, Princeton NJ 08544, USA 2 Université de Paris-Sud, Laboratoire d’Analyse Numérique, Bâtiment 425, F-91405 Orsay Cedex, France

Abstract. The abstract should summarize the contents of the paper using at least 70 and at most 150 words. It will be set in 9-point font size and be inset 1.0 cm from the right and left margins. There will be two blank lines before and after the Abstract. . . .

1 Fixed-Period Problems: The Sublinear Case

With this chapter, the preliminaries are over, and we begin the search for periodic solutions to Hamiltonian systems. All this will be done in the convex case; that is, we shall study the boundary-value problem ẋ = JH^′(t, x) x(0) = x(T )

with H(t, ·) a convex function of x, going to +∞ when ‖x‖ → ∞.

1.1 Autonomous Systems

In this section, we will consider the case when the Hamiltonian H(x) is autonomous. For the sake of simplicity, we shall also assume that it is C^1.

We shall first consider the question of nontriviality, within the general framework of (A_∞, B_∞)-subquadratic Hamiltonians. In the second subsection, we shall look into the special case when H is (0, b_∞)-subquadratic, and we shall try to derive additional information.

The General Case: Nontriviality. We assume that H is (A_∞, B_∞)-subquadratic at infinity, for some constant symmetric matrices A_∞ and B_∞, with B_∞ − A_∞ positive definite. Set:

γ : = smallest eigenvalue of B_∞ − A_∞ (1)

λ : = largest negative eigenvalue of J d dt + A_∞ . (2)

Theorem 21 tells us that if λ + γ < 0, the boundary-value problem:

ẋ = JH^′(x) x(0) = x(T ) (3)